Electronic, magnetic or structural inhomogeneities ranging in size from nanoscopic to mesoscopic scales seem endemic, and are possibly generic, to colossal magnetoresistance manganites and other transition metal oxides. They are hence of great current interest and understanding them is of fundamental importance. We show here that an extension, to include long range Coulomb interactions, of a quantum two-fluid ℓ − b model proposed recently for manganites [Phys. Rev. Lett., 92, 157203 (2004)] leads to an excellent description of such inhomogeneities. In the ℓ − b model two very different kinds of electronic states, one localized and polaronic (ℓ), and the other extended or broad band (b) co-exist. For model parameters appropriate to manganites, and even within a simple dynamical mean-filed theory (DMFT) framework, it describes many of the unusual phenomena seen in manganites, including colossal magnetoresistance (CMR), qualitatively and quantitatively. However, in the absence of long ranged Coulomb interaction, a system described by such a model would actually phase separate, into macroscopic regions of l and b electrons respectively. As we show in this paper, in the presence of Coulomb interactions, the macroscopic phase separation gets suppressed, and instead nanometer scale regions of polarons interspersed with band electron puddles appear, constituting a new kind of quantum Coulomb glass. We characterize the size scales and distribution of the inhomogeneity using computer simulations. For realistic values of the long range Coulomb interaction parameter V0, our results for the thresholds for occupancy of the b states are in agreement with, and hence support, the earlier approach mentioned above based on a configuration averaged DMFT treatment which neglects V0; but the present work has new features that can not be addressed in the DMFT framework. Our work points to an interplay of strong correlations, long range Coulomb interaction and dopant ion disorder, all inevitably present in transition metal oxides, as the origin of nanoscale inhomogeneities rather than disorder frustrated phase competition as is generally believed. As regards manganites, it argues against explanations for CMR based on disorder frustrated phase separation and for an intrinsic origin of CMR. Based on this, we argue that the observed micrometer(meso)-scale inhomogeneities owe their existence to extrinsic causes, eg. strain due to cracks and defects. We suggest possible experiments to validate our speculation.
I. INTRODUCTION
In the last decade or so, a number of experiments on several families of transition metal oxides have provided evidence 1,2 that these often consist of patches of two different kinds of electronic/structural/magnetic states. The patches range in size from nanometers to micrometers, and can be static or dynamic. In doped manganites (Re (1−x) Ak x MnO 3 with Re and Ak being rareearth and alkaline earth ions respectively) where this phenomenon seems most widespread, one can have insulating, locally lattice distorted (in some cases charge ordered) regions coexisting with metallic, lattice undistorted ones. 3, 4, 5, 6, 7, 8, 9, 10, 11 In cuprates, an antiferromagnetic insulating state and a metallic (or superconducting) state seem close in energy and may coexist under some conditions, eg. as nanoscale stripes (see, for example, the references in 12 ). There is a view that the proximity of two states with very different long range orders (LRO) is a defining characteristic of these systems. For example, such a view has been most forcefully put forth in the work of Dagotto and collaborators 9, 13, 14, 15 on the basis of numerical simulations of finite sized samples of simplified lattice models capturing one or more key features of manganites. In Ref. 15 , models with Mn e g electrons having Jahn-Teller coupling to classical phonons and double exchange coupling to Mn t 2g core spins and antiferromagnetic interactions J AF between the core spins are studied for x=0.25 on lattices of size up to 12 × 12. The clean system has a first order transition (ending at a bi-critical temperature from a ferromagnetic metallic (F-M) phase for small J AF to an antiferromagnetic(AF-I), charge ordered, insulating phase when J AF crosses a threshhold J AF −t . The magneto-resistance exhibits CMR like features when J AF is tuned to be in the vicinity of the transition coupling J AF −t . But the tuning becomes less of a requirement in the presence of disorder, which further generates nanoscopic interpenetrating patches of the two regions. These are then argued to be generic features responsible for (nanoscale) two 'phase' coexistence, colossal magnetoresistance (CMR) and other phenomena observed in manganites. Larger length scale (micron scale) coexistence is also attributed to disorder effects amplified by proximity to a critical value of compet-ing parameters. 13 However, the existence of manganites with negligible frozen disorder but showing CMR and other characteristic phenomena 16 suggests that these effects are intrinsic, and that nano-and micron-scale inhomogeneities could arise from other, intrinsic, causes.
In particular, the Coulomb interaction which is inevitably present can play a significant role if the two phases involved have different charge densities, and will suppress phase separation, leading to nanoscopic electronic inhomogeneity or 'phase' coexistence. This is the ubiquitous effect we investigate here quantitatively, for the first time, in conjunction with the two fluid ℓ − b model 17, 18, 19 proposed recently for manganites. This model invokes two very different types of electronic degrees of freedom, one polaronic and localized (called ℓ) with associated Jahn-Teller lattice distortion, and the other (called b) forming a broad band, with no lattice distortion, and moving around primarily on sites not occupied by the polarons. It has been shown 18, 19 that this approach explains much of the unusual behavior of manganites qualitatively and quantitatively. The work here shows in detail how the inclusion of electrostatic Coulomb interactions in the ℓ − b model leads to nanometer scale inhomogeneities, and quantifies this effect. More generally, our results describe the intrinsic emergence of such nanoscale electronic inhomogeneities in any many electron system with two very different microscopic states of comparable energy. The model is different from disorder based phase separation or domain formation as seen in computer simulations of simple models 9 or in statistical Imry-Ma 13,20 type arguments. The frequently observed micron scale inhomogeneity in many manganites 3, 6, 7 is probably related to strain effects, which are long ranged and unscreened. There are no calculations of this effect, though simulations of elastic strain effects and inhomogeneities in Jahn-Teller distorted lattice systems have been made 21 on simplified models.
Specifically, in the ℓ−b model, at each lattice site there can be two types of electrons, namely a nearly localized polaronic one (called ℓ) with site energy −E JT and a broad band one (called b, with site energy zero (0) and hopping amplitude t). There is a strong local repulsion U (we consider U → ∞ in this work) present between the ℓ polaron and the b electron. The physical origin and parameters of this model for manganites are mentioned below (Section II A) and have been described in references [17, 18, 19, 22] . If long range Coulomb interactions are neglected, the system described by the model phase separates, i. e., the ground state consists of two separate phases, one a macroscopic region entirely of ℓ polarons at every site, and the other consisting of occupied b band states, the b density being fixed by the requirement of uniformity of the chemical potential µ, whence µ must equal −E JT . However, the two phases have very different charge densities. With respect to ReMnO 3 , which has one e g electron per site, as the reference state, the polaronic phase is neutral, while the b phase has a positive charge density of 1 −n b per site. Furthermore, the doped alkaline earth ions (most likely randomly distributed on the lattice) supply unit negative charge at each alkaline earth site. The relevant "extended ℓb model" which includes long range Coulomb interaction involving these charges is described in Section II B. It leads to the suppression of macroscopic phase separation and the formation of nanoscopic "puddles" of b electrons surrounded by regions with only ℓ polarons. We first present a simple analytical estimate of the size of these regions, in particular their dependence on V 0 , the energy parameter that determines the strength of the long range Coulomb interaction (Section II C). Next, we describe simulations that we have carried out on finite systems of size up to 20 × 20 × 20, with the energy levels of the b electron puddles calculated quantum mechanically, and the Coulomb effects treated in the Hartree approximation. The method for the ground state determination is detailed in Section II D. The results of the simulations are described and discussed in Section III. The ℓ polarons are shown to form a Coulomb glass 23 . Electronic states in the b electron regions are occupied (up to the chemical potential µ) for a critical hole concentration x > x c1 ; these puddles connect percolatively and the system is a metal for x > x c2 > x c1 . We analyze and discuss in detail x c1 , x c2 as well as b clump size distributions as a function of V 0 , E JT and the arrangement of the alkaline earth ions. We exhibit several examples of real space inhomogeneous structures. The spatial autocorrelation of holes (absence of polarons), and of holes with alkaline earth ions is also elaborated. We compare the effective b bandwidth obtained from simulations which have the intrinsic nanoscale inhomogeneity mentioned above with results from single site DMFT 17 neglecting long range Coulomb interactions but forcing homogeneity ('annealed disorder'), and find very good agreement.
In the final part of this paper (Section IV) we discuss some of the approximations made, eg. the assumption of random distribution of dopant ions, the effect of disorder and its modeling. We also mention a number of implications of our results for manganites such as Coulomb glass behavior and other signatures of nanoscale inhomogeneities on transport properties. We place our results in the context of the inhomogeneities observed in experiments, and suggest some new experiments to investigate long range strain effects. A short description of this work has been published.
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II. MODEL AND METHOD
This section contains four parts. In the first part (Sec. II A), the ℓb model 17,18,19 is briefly described. The second part (Sec. II B) contains a description of the extended ℓb Hamiltonian. A simplified analytical solution for the ground state of the extended ℓb Hamiltonian is presented in the third part (Section II C). Finally, the determination of the ground state of the extended ℓb Hamiltonian is described in the final part (Sec. II D). 
A. Summary of the ℓb model
The Mn 3+,4+ ions in Re (1−x) Ak x MnO 3 form a simple cubic lattice (with lattice parameter taken as a, lattice sites indexed by i). Each manganese ion experiences the octahedral environment of oxygen atoms and thus the d states are crystal field split into t 2g and e g orbitals. For the purposes of describing the low energy physics of manganites one can treat the t 2g levels as always occupied by three electrons at every site, with parallel spin because of a strong Hund's rule, and hence replace them by a S = 3 2 , "t 2g -core spin", and in the rest of this paper we approximate this as a classical spin, SΩ wherê Ω is a unit vector. The remaining (1 − x) electrons per site move around among the e g orbitals with an average hopping amplitude t. However, they have a strong Hund coupling J H with the core spin, and there is a strong on-site Coulomb repulsion U between the e g electrons. Furthermore, they have a strong Jahn-Teller interaction with the modes of distortion of the oxygen octahedron surrounding the Mn 3+ ions. As a consequence of this and phonon dynamics, two types of low energy, effective, e g electronic states called ℓ and b emerge. The polaronic ℓ state is associated with a local lattice distortion in which an e g electron can get self trapped, with a binding energy E JT . The hopping of the ℓ-polaron gets suppressed exponentially by the Huang-Rhys factor η (= e −EJT /2 ω0 ≈ 1/200, where ω 0 is the frequency of the local lattice distortion). The reduction arises from the fact that the hop of the polaron from one site to a neighboring one, in addition to the transfer of the electron, involves the relaxation of the lattice distortion at the original site and effecting a similar lattice distortion at the neighboring site, and the exponentially small overlap of the corresponding phonon wavefunctions. On the other hand, as t >>ω 0 , e g electrons can also hop fast among empty, undistorted or weakly distorted sites with essentially the bare amplitude t, leading to the b states. The greatly diminished hopping of the polarons allows for a useful approximation: at temperatures much larger than ηt, the polarons may be considered as static. The effective ℓb Hamiltonian can therefore be written as
Here s iℓ (n iℓ ) and s ib (n ib ) are spin (number) operators corresponding to the ℓ and b degrees of freedom at site i, and µ is the chemical potential determined from the condition that n l + n b = 1 − x. The last term contains the "virtual double exchange" ferromagnetic coupling with strength
EJT . This coupling between the neighboring core spins arises from fast virtual hopping processes of the ℓ-electron to a neighboring vacant site. J SE is the antiferromagnetic superexchange. The above Hamiltonian treats all the main energy scales that govern manganite physics. The three largest local (strong correlation) energies are the on-site Coulomb or Mott-Hubbard repulsion U ≈ 5 eV, the Hund's rule ferromagnetic exchange coupling J H ≈ 2eV and the JahnTeller energy E JT (≈ 0.6 to 1 eV). The other important interactions are the nearest neighboring hopping t ≈ 0.2 eV, the doping dependent virtual double exchange, and the superexchange J SE ≈ 0.01 eV.
Several simplifying approximations have been made in writing the Hamiltonian (1). The first is that the ki-netic energy in the Hamiltonian is "orbitally averaged", i. e., the hopping amplitude t represents an average over the possible orbital configurations at the two pertinent sites. Second, there are no cooperative/long range lattice effects, i. e., no intersite polaron correlations. Third, the virtual double exchange has been approximated as a homogeneous interaction J V DE ; in reality it acts only between pairs of sites where one is occupied by a polaron and the other is empty. Fourth, the Jahn-Teller interaction has been included only to the extent that it leads to the formation of polarons. But its merit is that all the important energy scales governing manganite physics are included in (1), at least in an approximate fashion. Much of the previous work on manganites is based on simplified models 9, 25, 26 that neglect one or more of these energy scales.
The Hamiltonian (1) closely resembles the FalicovKimball model (FKM) 27 ; in fact, for J H → ∞, and at T = 0, when all the spins are completely ferromagnetically aligned, it is the same as the FKM. The model was solved 17, 18, 19 using the dynamical mean field theory 28 . It is successful in capturing the colossal magnetoresistance effect, the ferro-magnetic insulating state found in low band width manganites, the systematics of the the role of R and Ak ion radii, etc. The key point is that for small doping x the majority of the e g electrons get localized as ℓ polarons. Because of the strong on-site Coulomb interaction U (the largest energy scale in the problem) the b electrons avoid the polaronic sites, and this reduces the effective half bandwidth of the b states from its bare value D 0 to D ef f which is strongly (x) dependent. At zero temperature with U, J H → ∞, and a ferromagnetic ordering of the core spins, the effective half bandwidth is given by
Thus, at low doping, the effective band bottom is above the polaronic energy level −E JT and therefore the b band is unoccupied and the chemical potential µ is pinned at −E JT . Clearly, beyond a critical doping x c given by
the b-states begin to be occupied, leading to a insulator to metal transition. Furthermore, for x > x c , starting from the metallic state at T = 0, the effective bandwidth reduces from its zero temperature value with increase of temperature. This is because the hopping of the b electrons is strongly inhibited on account of their Hund coupling J H to the thermally disordered core spins. Hence one gets a thermally induced ferro-metal to parainsulator transition when the b band moves above E JT . For T near T c , the application of an external magnetic field causes the core spins to align and thus increases the effective bandwidth, leading to increase in the number of thermally excited carriers by orders of magnitude. This causes colossal magnetoresistance. The work cited above did not address the issue of electronic inhomogeneities. In fact, an effective homogeneous state was assumed in the dynamical mean-field solution. This is a drastic assumption, because from previous work on the Falicov-Kimball model 29 (and as confirmed by our computer simulations ( see FIG. 1 )the ground state of the ℓb Hamiltonian (1) (for the parameter ranges discussed above) is known to be a macroscopically phase separated state due to the strong on-site Coulomb correlation U . All the polarons cluster on one side of the box; this allows band states (b) to optimize their kinetic energy by moving among the vacant 'hole' sites in the other part of the box. But the two portions have drastically different electron densities. The motivation for the homogeneity assumption made in the DMFT work was that the phase separation will of course be prevented by the long ranged Coulomb interactions which are always present in the real system. In this work, we extend the ℓb model to include long ranged Coulomb interactions to address the issue of electronic inhomogeneities, and to check to what extent the DMFT homogeneity assumption is valid. 2 ) where l, m, n are odd integers (mimicking the perovskite type structure of manganites); the number of Ak ions is equal to xN (N is the number of sites in the model) and they are placed randomly on the lattice sites indicated. In the orbital liquid regime 17, 18, 19 with large Hund coupling and on site Coulomb repulsion discussed above, and at T = 0, corresponding to a fully ferromagnetic alignment of the core spins (spin drops out of the problem in this limit), the extended ℓb Hamiltonian for fixed particle number is given by
is the charge operator at hole site i (in units of |e|), E Ak is the Ak-Ak electrostatic interaction energy (a fixed number for a given realization of Ak distribution in the lattice), Φ i is the Coulomb potential at the hole site i due to Ak ions, V 0 is the strength of the Coulomb interaction between nearest neighbor holes (of the order of 0.02eV, V 0 ≈ 0.01t − 0.1t, see discussion below), r ij is the distance between holes i and j in units of the lattice constant. Each hole has an energy penalty of E JT . The sum {i, j} is over all pairs of hole sites, while ij denotes a sum only over nearest neighbor hole sites. The site charge operators satisfy the constraint
The U → ∞ constarint implies that the b electrons can only move among 'hole' sites, where h † i h i = 1. The Hamiltonian (4) embodies the competition between long range Coulomb interaction which works to keep the holes as far apart as possible, while the kinetic energy of band electrons promotes the formation of "clumps". A clump is a collection of hole sites, each member of which can be reached from any other member via a sequence of nearest neighbor hops which visit only the members of the clump. Thus every configuration of holes can be broken up into a set of clumps where each hole belongs to only one clump. Site delocalized electronic b states are possible in a clump that has more than one member (a one member clump is called a "singleton"). The kinetic energy gain can possibly promote an ℓ polaron to occupy the b state in the clump leading to an electron "puddle", which creates an additional hole in the system at the site from which the ℓ polaron is removed, which changes the electrostatic energies, etc. Thus the number of holes and number of band electrons is not individually conserved, but only the constraint (6) is satisfied. The key question is: what is the ground state of the Hamiltonian for a realization of the random distribution of the Ak ions? The determination of this ground state requires an optimization of the number of holes and their distribution [or equivalently, the configuration of the on site ℓ polarons, which exist at sites where the holes are not there], as well as the clump structure, the associated b states and their occupancy (constituting the 'b' puddles surrounded by the ℓ plarons), so as to achieve the lowest energy of the Hamiltonian (4). An exact solution of this problem is beyond the available techniques of correlated electron theory, so approximations have to be resorted to. In this paper we explore two alternate ways; the first one is essentially analytic (and very approximate), while the second one is a full scale numerical treatment.
C. A simplified analytic treatment
A simple, analytical approximation for the ground state becomes possible if we assume that the Ak ions are distributed homogeneously in space, i. e., model the
Schematic of the ground state used in the analytical calculation of Section II C. "Phase separation" takes the system to two distinct type of regions called the "bulk" (regions with ℓ polarons) and the clump. The dashed lines indicate the assumed periodic nature of the clump distribution -clumps of size R (volume R 3 ) are assumed to be arranged in a periodic fashion (period L) with intervening "bulk" regions. Site delocalized electronic states are found in the clumps. The initial hole density is x (also equal to the background negative charge density). The charge density in the clump is (1 − n b − x) and that in the "bulk" is n h − x. n b is the fraction of electrons that are promoted to delocalized states, and n h is the fraction of holes created in the 'bulk'. The fractions x, n b and n h are related via charge balance.
charge of the Ak ions as a "jellium". The approximation involved is a variational calculation with an assumed ground state as shown in FIG. 2 , where clumps of size R (volume R 3 ) are taken to be spaced periodically with a spacing L. The regions between the clumps -the "bulk", is taken to have concentration of holes n h (the concentration of holes in the clump is, of course, unity). Charge conservation gives
whence
with α = L/R. Clearly, the charge density ρ C in the clump is (1 − n b − x) and that in the bulk ρ B is n h − x, i. e.,
. (9) Associated with this charge distribution, there is an electrostatic energy (per "unit cell" of volume
where a is the lattice parameter of the underlying atomic lattice, E(n b , α) is the "Madelung function" accounting for the net electrostatic energy in the system. Since a total number of n b R 3 polarons have been promoted to delocalized b electrons, there is a loss of polaron energy proportional to this number, i. e.,
Finally, there is the delocalized kinetic energy of the electrons, which is expected to be of the form
where K is a function of n b , R. It can be evaluated by finding the kinetic energy of b b R 3 electrons in a clump of size R 3 . Note that we do not take E KE to go as 1/R 2 as might be expected from a free electron picture since the lowest energy that can be attained a tight binding scenario is bounded below by −6t (for a cubic lattice).
Putting everything together, we get
We need to minimize this energy as a function of n b , α and R; this will give us the clump size, spacing and charge distribution.
In the remainder of this section R stands for a dimensionless number (clump size normalized by lattice parameter a). Similarly charge densities are all dimensionless. We shall now proceed to estimate the different energy functions noted above.
We estimate the electrostatic energy by assuming the box is "spherical". In this case the total charge in the box is zero, and hence the electric field outside the sphere vanishes, hence to a very crude approximation one box does not affect the energy of the neighbor. This is expected to be quite reasonable when the Ak ions are distributed homogeneously (as we have assumed in this calculation), since the electrostatic interaction is expected to be well screened. With these assumptions, we find,
where f (α) is the function
The function f is such that f (1) = 1 and f (∞) = 6, a very slowly varying function of α and always of order unity.
The polaron energy (again for a spherical clump) is
The estimation of the kinetic energy entails probably the crudest approximation of this analysis. We assume that the the density of states is "flat"
With this assumption we estimate the kinetic energy (for a spherical clump) to be
The total energy is given by
The analysis of the minima of the above function shows that E JT < 6t is a necessary condition for the existence of a clump. If E JT > 6t, then the coefficients of R 5 and R 3 are both positive (for any value of b) and hence R will vanish for energy minimum. Inspecting (7) we see that this will result in a homogeneous distribution of the holes in the "bulk" equal to the cation charge densitythe "bulk" becomes neutral.
We now consider E JT < 6t. Furthermore, 1. The b electron density in the clump is determined by "chemical potential balance". For the case of a flat band density of states, this will imply that the "chemical potential" is E JT and
2. The factor α is determined from the condition that the hole density in the bulk vanishes (charge conservation resulting in (8))
Within this framework, we minimize (19) w. r. t. R to obtain
Note that the clump size varies as 1/ √ V 0 . We take E JT ≈ 2.5t, x ≈ 0. is about 0.1t (V 0 is likely to be between 0.01 and 0.1, see discussion below). In this range we see that the clump size is between 5 and 10 lattice spacings (taking a = 5 A, we get R = 2 -5 nm), in surprisingly good agreement with available experiments. We must emphasize that we really do not have tight control of the constants (such as 9/4π appearing in the equation for R). However, the main point that we learn is that the clump size is a few lattice spacings, much as what the Coulomb interaction is expected to do. We note here that there has been a recent calculation 30 of "phase separation" in doped manganites adding in Coulomb effects to the two fluid ℓ − b model of Ref. 19 along lines similar to those discussed above. However, that calculation does not uncover the dependence of the clump size on the long ranged Coulomb interaction as we have done here.
We note again that the key assumption of the above analysis is the homogeneous distribution of the Ak ions. A more realistic solution that takes into account the inhomogeneous random distribution of the Ak ions requires a full scale numerical treatment of (4), and we turn to this next.
D. Approximate determination of the ground state
The key approximation that permits a numerical determination of the ground state of the Hamiltonian (4) is a Hartree-like treatment of the Coulomb interactions between the b electrons. This allows us to treat all the electrostatic energy contributions in a classical fashion, i. e., replace the site charge operatorsq i by their expectation values q i in the ground state | :
In the absence of b states the problem reduces to the Coulomb glass problem 23,31 -a fully classical problem.
The presence of the b states makes the system a new kind of quantum Coulomb glass -the h − b glass -with coexisting localized and delocalized states, in contrast to usual quantum Coulomb glasses 32 . Since the Ak ions are randomly distributed, and in addition the density of b electrons is very low, a Hartree approximation is likely to be reasonably accurate. We do indeed find (see below) that the interaction is well screened and the charge distribution is almost homogeneous at scales larger than a few lattice spacings.
Our method of determination of the ground state is based on a generalization of the method previously used in finding ground states of the classical Coulomb glass 33, 34 . Here, the ground state is obtained by starting from a trial configuration (usually a random state), and "performing" transfers of electrons that lower energy until no transfer is possible that can lower the energy. In the classical Coulomb glass each transfer involves moving an electron from its current position to a vacant site, creating a particle hole "excitation". To follow a strategy similar to the one above in the present context, we investigate the energetics of possible transfers in the h−b glass.
The following definitions are useful to understand excitations in the h − b glass. Each clump α has many 'delocalized' one particle levels (obtained by diagonalizing the kinetic energy on this clump); we label these one particle levels by r, and denote their kinetic energy by ǫ α,r . The operator
creates a b electron in the r-th band state of the clump α, where Ψ α,r i is the associated single particle wave function spread out over the clump (i runs over all hole sites in the clump α as indicated by i(α)). Clearly, for a hole at site i
Here α is the clump to which the hole i belongs, and r runs over all the occupied band states in the clump α. The potential φ i at hole site i is defined as
Consider, for a given x, a configuration containing N h holes and N b band electrons (obviously, i q i = N h − N b = xN ), with N c clumps. The extra energy E h i in the system due to the addition of a hole at a hole-vacant site i without changing the clump structure is,
The addition of a hole can, in general, change the clump structure since the new hole can modify existing clumps or create new clumps. If the modified clumps contain band electrons, then their energies will change. We ignore these effects in writing (27) . A similar definition of E b α,r , the energy increment for the addition of a band electron in the vacant band state α, r, is
where i, j run over all the hole sites in clump α. The definitions E h i and E b α,r serve as the equivalent of the "single particle levels" in the present context (Hartree approximation).
These definitions allow us to determine energies of "excitations" in the h − b glass corresponding to the creation/annihilation of holes or b/ℓ-electrons. Strictly, the clump structure changes in an excitation; as mentioned earlier we ignore this and our excitations are "frozenclump excitations". Three types of excitations are possible in the h − b glass:
1. "ℓ − h" excitations: Here a hole-occupied site j obtains an electron from a hole-vacant site (ℓ occupied site) i. The energy for this excitation is
This type of excitations can affect the clump structure. This arises from the fact that the clump structure is determined by the position of the holes.
2. "ℓ − b" excitations: Here a hole-vacant site i (containing an ℓ electron), donates an electron to a vacant band state (α, r). The energy of this type of excitation is
where j run over all the holes-sites in clump α. Again, this type of excitation can change the clump structure. It must be noted that the reverse of this process is also a possible excitation (a b − ℓ excitation), in that a band electron annihilates a hole, the energy of which is negative of (30). Again, since both ℓ − b and b − ℓ excitations change the position of the holes, they can affect the clump structure. 
where i, j run over β and α (the last term requires obvious modifications if α = β). Note that this type of excitation will not affect the clump structure since it does not affect the position of the holes.
For a given doping, the ground state is obtained in two stages. In the first stage, b states are not accounted for and the classical Coulomb glass ground state of the holes in presence of the electrostatic potential from the Ak ions is obtained. This is achieved by performing a series of ℓ − h excitations until a minimum energy configuration is achieved. In the second stage, starting from the classical Coulomb glass state, all possible excitations are performed iteratively. Each iteration consists of the following steps:
1. Find best excitation: From the definition of the single particle levels E h i , E b α,r , and the excitation energies defined above, the best possible excitation (the one that reduces the energy the most) is determined.
Perform the excitation:
If it is an ℓ − h excitation, then one hole is removed and one is added. If it is an ℓ − b or b − ℓ excitation, then either a hole is removed or added. If it is b − b excitation, holes do not change. Thus, ℓ − h, and ℓ − b excitations change the clump structure.
3. Update clump structure: If the clumps with occupied band states are not disturbed, then no update is required. If some of the clumps have been disturbed, then the intersection of the old clumps and new clumps is found, and electrons are distributed in the new clumps so that the charge distribution is as close as possible to that of the previous distribution. After update, the number of band electrons must be same as before, unless isolated holes in the new clump structure are annihilated by band electrons. All energies are recalculated on update.
Iterations are carried out until an energy minimum is achieved. It must be noted that the ground state that we obtain is based on single particle excitations. In general, the stability of the ground state must be checked for two (and multi) particle excitations. 34 This process is computationally intensive. The correctness of the ground state obtained in our case is affirmed by the energies of the highest occupied states of the ℓ electrons and the b electrons -if the ground state calculation is correct, then the highest occupied states of both types of electrons will correspond to the chemical potential µ. We have never found serious violation of this criterion in several ten thousand simulations; we therefore believe that our scheme is robust enough to determine the ground state of the h − b glass. The electrostatic energy is calculated using the Ewald technique 35 using fast Fourier transform routines made possible by the use of periodic boundary conditions. The other computationally intensive step is the calculation of energies and wavefunctions of the b states in a clump. This is the most CPU intensive step which limits the size of the simulation cell. The size of the cell that can be calculated depends on the doping. For x = 0.2 we have calculated with cells as large as 20×20×20.
Some other points regarding our simulations may be noted. First, the strong correlation U that induces many body effects is treated almost exactly (since U in the real system is very large, the U = ∞ limit is accurate); the b-electron quantum dynamics is treated almost exactly (b-electrons do not hop to sites with ℓ polarons). In our calculation, the long ranged Coulomb energy (within the Hartree approximation) is treated accurately using Ewald techniques (as mentioned above), and no further approximations are made in the calculation of the long ranged electrostatic energy. Further, we note that the Hamiltonian we study and the method we develop here to find the ground state is a novel generalization (both model and method) of the quantum Coulomb glass. The key point is that our model consists of two types of electronic states, one localized polaronic (classical) and other delocalized band-like (quantum), and our treatment accounts for both of these on an equal footing.
III. RESULTS
This section contains the results of our study of the extended ℓb Hamiltonian (4). The key parameters in the Hamiltonian are energies t, E JT , V 0 , and the doping x. The hopping amplitude t is taken as the basic energy scale, and E JT and V 0 henceforth stand for the dimensionless values of the Jahn-Teller energy and the long range Coulomb interaction strength parameter normalized by t. Further all length scales are normalised by the lattice parameter a. We have checked for the size dependence of the results and found that results for cubes larger than 8 × 8 × 8 are essentially independent of the size. We checked densities of states, clump size distribution etc., calculated in some cases up to cubes of size 20 × 20 × 20. We found that results followed essentially the same trends, independent of size. All the results shown here are averages from calculations obtained with one hundred random initial conditions using 10×10×10 cells unless stated otherwise.
The density of states obtained from simulations is discussed first. The energies of the "single particle states" are defined in (27) for a hole (with a similar expression for an ℓ polaron) and (28) where A(x) is a "very weak" function of x, with size of order unity; the physics behind this will be discussed later. We now discuss the ℓ polaron states:-As discussed in Sec. II B, the polarons with long range Coulomb interaction form a Coulomb glass 23 . A Coulomb glass possesses a "soft gap" at the chemical potential µ, in that the density of states scales as (FIG. 4) as well as of E JT (FIG. 6) . Finally, the number of occupied b states (shown by shaded region in the figures), decreases with increasing V 0 and E JT .
The physics underlying these observations may be understood by studying the real space structure of the ground state, for example by studying the positional correlation of the holes present in the system (including the holes that appear due to promotion of the ℓ polarons to b electrons as well as the ones already present due to doping). FIG. 7 shows both the h-Ak and the h − h correlation functions, which measure, respectively, the probability of finding a hole at a relative distance r from an Ak ion, or from another hole. (Note that the Ak ions are placed randomly in the A sites of the perovskite lattice.) If the system were purely random, the probability for any given value of r will be equal to the doping level x. When V 0 is small (V 0 = 0.01 in FIG. 7) , we see the hole-hole correlation function reaches a plateau at a distance r 2 with a value larger than x. This latter is because of the increased number of holes in the system due to ℓ polaron to b electron promotion. At larger V 0 , the plateau in the hole-hole correlation function appears at x. The hole-Ak ion correlation function reaches a plateau of x, independent of V 0 , as expected. The most important feature of the correlation function appears at r 2. We see that the probability of finding a hole in the neighboring shells is non-zero and is highest at r = √ 3. Further, the probability of finding the Ak ions near the hole is also increased, though the increase is smaller than that of finding a hole. This suggests that there is a natural clustering tendency in the h − b glass where the holes tend to cluster around Ak ions. Clearly, this is due to their opposite charge causing gain in electrostatic energy. However, the com- peting, repulsive electrostatic energy between the holes contributes to control this clustering tendency. Since the distance between the Ak ions and holes is smaller than that between two ℓ polarons, the clustering of holes near Ak ions will offset the energy penalty of ℓ polarons coming together -the short (Ångstrom sized) clustering scale is result of this competition. Strong screening effects are evident in the correlation functions of FIG. 7 -the correlation functions reaches a plateau at about 2-3 lattice spacings.
The observations above allow us to obtain the chemical potential of the system. The hole clustering caused by the hole-Ak ion interaction causes an additional effective electrostatic potential at an ℓ electron site which can be written as A(x)V 0 where A(x) is a (here undetermined) doping dependent factor of order unity. The quantity A(x)V 0 can be interpreted as the average electrostatic potential at ℓ polaron sites. The actual energies at the sites fluctuates about the mean total energies of the ℓ polarons given by −E JT + A(x)V 0 . From the Coulomb glass problem it is known that the chemical potential will be equal to the average energy 23, 31 and (32) follows. We now discuss the energetics and the nature of the b states, since the transport properties depend crucially on the nature of the b states and whether they are occupied. In case they are not occupied or if all the occupied b states are localized, the system is an insulator; on the other hand if extended b states are occupied one has a metal. We summarize our results in this regard, and compare them where ever possible with those obtained in single site DMFT.
17,18,19
The hole site has an average electrostatic potential energy B(x)V 0 where B(x) ≈ 1; this follows from arguments very similar to those used earlier for the electrostatic (Hartree) energy of the ℓ-polaron sites. Since the b electrons occupy clumps consisting of hole sites, they too sense this average repulsive potential B(x)V 0 and thus the band center E b shifts to this value (as is seen in the simulation, see FIGS. 4, 5, 6) . The simulations indicate that the effective bandwidth D ef f of the b states depends only on the doping x. To understand this result, we calculated D ef f as a function of x using clumps obtained from a Coulomb glass calculation of the holes including the random distribution of the Ak ions (thus the calculation was performed with only ℓ − h excitations). The result of this calculation is shown in FIG. 8 along the the DMFT result for the bandwidth. It is evident that the agreement is excellent for a wide range of x. Note that the half bandwidth is provided by the clump structure determined by long ranged Coulomb interactions and the random distribution of the Ak ions which induce the clustering tendency of holes around them (as discussed above). Thus the result for the effective bandwidth (2) seems to arise out of two key factors: (a) The large U limit which disallows simultaneous b and ℓ occupancy, and (b) The clumps of holes induced by the random distribution of the Ak ions. This is interesting since it implies that the single site DMFT which neglects long range Coulomb interactions and consequent nanoscale inhomogeneities or clumping, and replaces it with a self consistent annealed random medium in which all sites are equivalent, is accurate for such purposes. We also note here that in the DMFT, the ℓ polaron is a single level while in the simulations the occupied levels, though localized, have a distribution of energies.
We now discuss the doping/hole density x c1 at which b states are occupied. In the DMFT, for U = ∞ and at T = 0, the critical concentration x c at which the lowest energy b state is occupied is
where D 0 is the bare half bandwidth 17 . From our simulations, the ℓ chemical potential µ (i. e., the energy of the last occupied ℓ state) is −E JT +A(x)V 0 . At the onset of the occupation of the b states, equilibrium demands that the bottom of the b band has to just equal the chemical potential µ. Noting that the effective half bandwidth of the b band is D 0 √ x and the band center E b = B(x)V 0 , one obtains on equating the b band bottom to the chemical potential, a result for the critical doping
Since A(x) ≈ B(x) ≈ 1, and V 0 /D 0 ≤ 0.05 (typically) x c1 is expected to be very close to the DMFT value. In  FIG. 9 , we notice that as expected, for small/realistic values of V 0 , there is good agreement with DMFT and the simulation results. For larger values of V 0 (of the order of D 0 ), b state occupancy needs much larger hole density x than implied in the DMFT. Indeed, there is critical value of V 0 (V c 0 ≈ 1.2) above which there is no band occupancy for E JT ≥ 1; the system becomes a Coulomb glass of ℓ polarons. Furthermore, unlike in the DMFT, in the present context the fact that b states are occupied does not in itself make the system a metal. Even when x > x c1 , the hole sites where b states exist form compact clumps in our simulations. The b levels within the bigger clumps which are below the chemical potential and are occupied are hence still localized . FIG. 11 shows the 'clumps' with both the occupied and unoccupied b state regions indicated. We notice that the clumps, and hence the b puddles are generally isolated. Hence the system is still an insulator. The system becomes metallic for x > x c2 , when the b puddles percolate, which requires as a necessary condition that the clumps with the b states occupied percolate. x c2 can be estimated by calculating the inverse participation ratio 36 and by checking for the geometric percolation of the clump. The differences among x c1 (DMFT), x c1 (simulations), x c2 (simulations) or in the nature of the b states and their occupancy, are due to the fact that the single site DMFT of the ℓb model (1) and the numerical simulation of the extended ℓb model (4) are very different approximations. In the former, the static ℓ polarons are repulsive (potential U ) scattering centers for b electrons, present randomly and independently at each site with a self consistently determined probability close to (1 − x). The scattering is treated in CPA (coherent potential approximation), so that there is no Anderson localization of the b electron states; there are diffusive and extended. By contrast, in the simulation, the b electrons are completely excluded from ℓ polaron sites, and can hop freely from site to site only among contiguous hole sites (clumps). So unless the clumps are are connected percolatively, the system is an insulator. Furthermore, even when the clumps percolate, if the ℓ polaron distribution and the b electron propagation in such an ℓ polaron medium could be treated realistically, one will find that in contrast to single site DMFT, a fraction of the occupied b states are Anderson localized due to the ℓ polaron disorder and the repulsion U n ℓi n bi . Hence x c2 is larger than the value of x at which the clumps just percolate, as the highest occupied b state could still be Anderson localized within the percolating clump; hence x c2 signifies the value of x at which the mobility edge in the b band crosses the chemical potential. 13 ). The effect of E JT is more interesting (FIG. 14) . For E JT = 1.50 there is a percolating clump together with isolated small puddles. On increase of E JT (E JT = 2.0), the isolated electron puddles are larger in size, and on further increase of E JT (E JT = 3.0), there is essentially a single large percolating puddle. This is due to the fact that occupancy of a clump requires that the gain in kinetic energy offsets the loss in the Jahn-Teller energy E JT at the least, thus larger E JT requires larger clumps to be occupied for sufficient gain in kinetic energy. FIG. 15 shows the dependence of the average inverse size (1/R oc ) ave on the parameters; the results are as expected, in that the average size of clumps is about a few lattice spacings for small doping (x < 0.25), followed by a regime of percolating clumps. A result of particular interest is the dependence of the aver- age clump size on the long range Coulomb parameter V 0 . This result is plotted in FIG. 16 ; we see that the clump size is essentially insensitive to V 0 until V 0 approaches t. This may be contrasted with the simple analytical result obtained earlier ( see FIG. 3 ). It is evident that the the real system, any finite V 0 will prevent "phase separation", but the final details of the ground state is strongly determined by the random distribution of the Ak ions, which also determines the size scale of the clumps (and hence their insensitivity to V 0 for small values of V 0 ). We have investigated the size dependence of the clump size on the size of the simulation cube and found that there is no significant size dependence.
Our study therefore indicates that for small doping (x < 0.25), electronic inhomogeneities in the the form of localized b electron "puddles" exist in a background of polarons ( see FIG. 11 ) while for larger doping, the system consists of intermingled states of percolating, delocalized b electron puddles coexisting with regions of localized ℓ polarons. The scale of the inhomogeneities is that of the local Ak ion disorder and not much larger. The study therefore confirms that long range electrostatic interactions gives rise to only nanometer (or lattice scale) electronic inhomogeneities as was anticipated in earlier literature. 9 The key point is that this nanometric scale arises not out of phase competition, but due to strong correlation effects of two types of states that appear at the atomic scale, whose spatial arrangement is then controlled by the long range Coulomb interaction and the random distribution of the Ak ion disorder. 
IV. DISCUSSION
Our study of the extended ℓb model has established that long ranged Coulomb interaction gives rise to nanoscale electronic inhomogeneities. A key point is that even a very small V 0 completely eliminates the macroscopic phase separation tendency of the Falicov-Kimball like ℓb model ( compare FIG. 1 with FIG. 11) . By using a dielectric constant of about 20, we estimate an upper bound for V 0 in manganites to be about 0.02 eV and thus well within the small V 0 regime; for t ≈ 0.2 eV, the dimensionless V 0 is about 0.1. Furthermore, for a given set of energy parameters (V 0 and E JT ), we have shown the existence of two important doping thresholds: x c1 which corresponding to the occupancy of the b states, and x c2 > x c1 at which there is an insulator to metal transition. Our results for x c1 are close those of the earlier DMFT prediction ; however, the existence of x c2 is a new aspect of this work (in DMFT x c2 = x c1 ). The key physics behind the agreement of x c1 is the large U condition (no simultaneous occupancy of ℓ polaron and b electron on one site), and the random distribution of the Ak ions. As we have shown, the random distribution of Ak ions produces local clustering of holes around them which eventually causes electron puddles and subsequent percolating clumps at higher doping. The main consequence is that the electronic inhomogeneities are all at the nanoscale and the material appears homogeneous at microscale. the problem is changed completely by this step. First, the clustering tendency of the holes is completely suppressed. This is evident from FIG. 7 (right column) where it is seen that the probability of finding a hole neighboring a hole is nearly reduced to zero. In such a case, for a given set of energetic parameters, much larger doping levels would be required for b state occupancy, and for the insulator to metal transition. Indeed, these observations are borne out in the full scale simulations, see FIG. 17 . Thus the physically more realistic random distribution of Ak ions is key to the agreement with the DMFT calculation. In other words, the earlier DMFT calculation, although it did not take into account the long range Coulomb interactions, premised a homogeneous state (on a "macroscopic" scale), thereby effectively incorporating the key effect of the long ranged Coulomb interaction.
It may be argued that effects of the random distribution of Ak ions (that help the clustering of holes) is equivalent to a local disorder potential. The results of the ℓb Hamiltonian (1) with an additional disorder potential (but no long range Coulomb interactions),
where w j are distributed uniformly between −W and W , should be roughly similar to those of the extended ℓb Hamiltonian (1). The premise is that since ℓ electrons will occupy sites of low w i , holes are likely to clump with a probability proportional to x n where n is the size of the clump. This is similar to the probability of finding clustering together of Ak ions. Thus the clumps that appear in the disorder only model may be expected to have similar nature as that of the case with random distribution of Ak ions. The results of the disorder-only Hamiltonian are shown in FIG. 18 . Clearly, the result of x c1 is close to that of the DMFT and the extended ℓb results. Also, the clump sizes etc. are also quite similar as expected. There is, however, a crucial difference -the density of states of the ℓ electrons does not have a Coulomb type gap in the purely disordered model just discussed. In the real system both disorder and long ranged Coulomb interactions are present, and the extended ℓ − b model includes both in a realistic way, in contrast to the disorder only model.
We now discuss further predictions and inferences from the model. Our model is particularly suited to study the low bandwidth manganites such as Pr based compounds which have a large ferro-insulating regime as a function of doping. Most of the inferences made hinge on the coexistence of localized and delocalized states -the key physical idea of the ℓb model. It may be inferred from the extended ℓb model that the low temperature conductivity in the low temperature regime for doping x < x c1 will be governed by the polaron Coulomb glass. Thus, the low temperature conductivity is expected to be that predicted by for the Coulomb glass 23 , i. e., σ(T ) ∼ e −a/ √ T where a is a constant. Further, above x c2 > x > x c1 , several excitations contribute to the conductivity. These will include polaron hopping, variable range hopping of the b-state electrons from one puddle to the other, even two step processes where a b-state in an intermediate for an ℓ-polaron to hop from one site to another. Transport in this regime is therefore expected to be involved and further investigation is necessary to uncover the temperature dependence. We note that transport measurements 38 on doped manganites do show the features that we deduce from our model. For x > x c2 , the low temperature conductivity will be metallic with large residual resistivity. An important contribution to this resistivity arises from the Couloumb potentials of the Ak ions as has been noted earlier 39 . At higher temperatures, scattering from the thermally disordered t 2g spins will cause a decrease in the effective bandwidth of the b states and can lead to the opening up of a gap between the ℓ states and the b states above the ferromagnetic transition temperature. In this high temperature regime the conductivity will have contributions both from polaron hopping and thermal excitations of the ℓ polarons to the b states similar to that of a semiconductor.
The present model does not explicitly include the t 2g core spins as degrees of freedom. A simple minded approach of including these degrees of freedom will lead to intractable computational complexities. Novel approaches to treat both Coulomb interactions, b state quantum effects, and core spins need to be developed to attain a final understanding of the manganite puzzle.
We conclude the paper with a discussion of the important issue of "phase separation" and electronic inhomogeneities. As noted in the introductory section several groups have implied that the presence of electronic inhomogeneities is essential for the occurrence of the colossal magnetoresistance. Our work suggests that inhomogeneities are only present at the nanometer scale and a theory that averages over these without explicit treatment of these inhomogeneities can and does reproduce colossal magnetoresistance. 17, 18, 19 Indeed, very re- cent experimental work 16 shows that materials with no detectable "phase separation" show colossal magnetoresistance. Further, we find that nanoscale inhomogeneities are a direct result of long range Coulomb interaction frustrating "phase separation" induced by strong correlation -nanoscale electronic inhomogeneities are not a result of phase competition in our model. Although similar mechanisms based on long range coulomb interactions has been discussed earlier 9, 40, 41, 42, 43 , we believe that this is the first detailed quantitative treatment of a realistic model any correlated oxide.
The large length scale (micrometer sized) inhomogeneities seen in experiments remain to be explained in the present framework. To the best of our knowledge, the coexistence of metallic and insulating regions have all been seen only in surface probe measurements or measurements with thin films (for electron microscopy). Creation of a surface introduces defects such as cracks and steps all of which have long ranged elastic fields. As is well known, the phase of manganites is strongly influenced by pressure (stresses). 44 Thus the large scale inhomogeneities are likely to be a result of pre-existing strain sources as is indicated by recent photo-emission experiments 7 . It is possible to explicitly test this in an experiment ( see FIG. 19 ) with a pre-cracked manganite sample -on loading the cracked sample the motion of the metal-insulator boundary is expected to be observed. Similar experiments 45 (without cracks etc.) do indeed suggest the strong effects of strains.
A second possibility for the existence of micron-scale clusters could be due to "kinetic arrest" as seen recently in some rare-earth compounds 46 . Thus the patches that appear could arise to an "incomplete phase transition", and likely to show "glassy" behavior. Indeed many manganites are known to show glassy behavior 2 , and this is possibly another important line of further investigation.
